We propose an analog quantum simulator for the Holstein molecular-crystal model based on a superconducting circuit QED system in the dispersive regime. By varying the driving field on the superconducting resonators, one can readily access both the adiabatic and anti-adiabatic regimes of this model. Strong e-ph coupling required for small-polaron formation can also be reached. We show that small-polaron state of arbitrary quasimomentum can be generated by applying a microwave pulse to the resonators. We also show that significant squeezing in the resonator modes can be achieved in the polaron-crossover regime through a measurement-based scheme.
I. INTRODUCTION
Quantum simulation of many-body systems opens up an exciting perspective for studying condensed matter and high energy effects that cannot be studied by traditional theoretical or experimental techniques. 1, 2 Owing to recent progress in quantum devices, the realization of quantum simulators for a broad spectrum of problems, such as quantum magnetism and quantum Hall effects, has been intensively studied.
3 At the same time, the questions of how to exploit the unique features of each specific physical system to probe and manipulate the many-body state and the dynamics of the simulator remain to be answered.
The Holstein molecular-crystal model is commonly used to study the short-range coupling between fermionic excitation (electron, hole) and optical phonons (e-ph coupling). 4 The coupling in this model has the form of a local interaction between the fermion density and the lattice displacement, and has important consequences on the optical and transport properties of the solids. 5 One of the most fundamental many-body effects due to this coupling is the formation of a small polaron where an extra charge carrier becomes heavily dressed in a cloud of virtual phonons of the host crystal. 6 The Holstein model does not admit analytical solution and can only be solved approximately by numerical methods. A quantum simulator for this model can advance our understanding of the behavior of polaronic systems. This simple manybody system can also give us hands-on experience in effectively manipulating quantum simulators built from a specific architecture. In previous works, simulators for the Holstein-and related models were proposed with cold polar molecules 7 and trapped ions. 8, 9 However, the accessible parameter regimes and the effectiveness of these simulators are limited by intrinsic physical and technical constrains in these systems.
The flexibility and control of superconducting (SC) quantum circuits provide us with an excellent platform for quantum simulation. 10, 11 It was shown that quantum spin systems can be simulated with SC qubits that have demonstrated ever increasing coherence times. 12 SC resonators are ideal for simulating bosonic degrees of freedoms such as phonons. The strong qubit-resonator coupling demonstrated in circuit quantum electrodynamics (circuit QED) experiments 13,14 adds a Hubbard-like interaction for the microwave photons in the resonators and can be used to study quantum phase transitions in such systems. 15, 16 The diversity of the SC devices also enables the simulation of complex quantum processes such as universal quantum computation and exciton transport.
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Here, we propose an analog SC quantum simulator for the one-dimensional Holstein model. The central building block of our simulator is a circuit QED system composed of a transmon qubit and a SC resonator and operated in the dispersive regime. 18 The role of the qubits is to simulate fermionic excitations and the resonator modes almost perfectly mimic Einstein phonons. The only tunable parameters required for accessing both the adiabatic and anti-adiabatic regimes and for preparing a small-polaron state of arbitrary quasimomentum are the amplitude and frequency of the microwave drive on the resonators. The coupling strength required for smallpolaron formation can be readily reached. A striking feature of this simulator is that measurement-based squeezing up to 1.25 dB in the resonator modes can be achieved in the polaron state in the crossover regime. Meanwhile, detection of the polaron states can be achieved through an ancilla qubit (probe qubit) that couples with one of the resonator modes. Compared with previous proposals for the Holstein model, [7] [8] [9] our proposal effectively simulates this model with essentially dispersionless phonons and hopping processes via Josephson couplings which naturally have nearest-neighbor character. This paper is organized as the following. In Sec. II, we present a circuit-QED-based superconducting quantum simulator for the Holstein model and derive the many-body Hamiltonian for this system. By applying the Jordan-Wigner transformation, this Hamiltonian can be exactly mapped to the Holstein model. The accessi-ble parameter regimes of this simulator are studied in Sec. III. Using a variational method, we show that smallpolaron formation under strong e-ph coupling can be achieved with practical circuit parameters. In Sec. IV, we present a scheme that can prepare the simulator state into a polaron state with arbitrary quasimomentum. The anomalous amplitude fluctuation and momentum squeezing in the polaron ground state are studied in Sec. V. In Sec. VI, we discuss the detection of the polaron state. We also study the effects of decoherence and quantum leakage on the quantum simulator. Conclusions are given in Sec. VII.
II. THE SIMULATOR
The repeating unit of this simulator is made of a transmon qubit denoted by Q n capacitively coupled with a SC resonator denoted by R n , as is shown in Fig. 1 . The resonators can be in various forms such as coplanar waveguide or lumped element resonators. The Hamiltonian of the repeating unit is described by the Jaynes-Cummings model
where ω c and ω z are the frequencies of the resonator and qubit respectively, g is the magnitude of the qubitresonator coupling, a n is the annihilation operator of the resonator mode, and σ z,± n are the Pauli operators of the qubit. Adjacent qubits couple via a SQUID loop denoted by J n with effective Josephson energy E J . The coupling Hamiltonian is H n J = −E J cos(ϕ n − ϕ n+1 ) in terms of the gauge-invariant phases.
19 For transmon qubits, we can write
with hopping matrix element t 0 = E J δφ 2 0 and quantum displacement δφ 0 of the phase variables (see Appendix A for details). In addition, the resonators are driven by a microwave source which is described by the Hamiltonian
with driving amplitude ε 0 and driving frequency ω d . The total Hamiltonian of this simulator is hence
In the dispersive regime of |∆| ≫ g with ∆ ≡ ω c − ω z being the qubit-resonator detuning, we apply the unitary transformation
to the simulator Hamiltonian. 13 The term H n 0 is transformed intō Figure with the Stark shift χ ≡ g 2 /∆. The terms H n J and H n d are also transformed accordingly. In the interaction picture and after a displacement of the resonator modes (a n → a n − ε 0 / δω), the total Hamiltonian becomes
with δω ≡ ω c + χ − ω d and g H δω = 2ε 0 χ/ δω. Note that we assume ε 0 ≫ δω in deriving this Hamiltonian. Details of the derivation of the above Hamiltonian can be found in Appendix A. By applying the Jordan-Wigner transformation (σ
withH n J = −t 0 (c † n c n+1 +c † n+1 c n ) and c n being the annihilation operator of the fermionic excitations at site n. This Hamiltonian has the standard form of the Holstein model with δω, t 0 and g H playing the roles of phonon frequency, nearest-neighbor hopping matrix element, and dimensionless e-ph coupling, respectively. Note that given the diversity of SC circuits, other types of SC qubits such as the flux qubit can also be used to construct a quantum simulator for the Holstein model. In Appendix B, we present a flux-qubit-based quantum simulator for this model.
III. POLARON CROSSOVER
By varying the driving parameters (ε 0 , ω d ), all interesting regimes of the Holstein model can be accessed where a fermonic excitation displays qualitatively different behavior. The adiabatic (anti-adiabatic) regime can be accessed by choosing δω/t 0 to be smaller (larger) than one. With λ = g 2 H δω/t 0 , the conditions for smallpolaron formation are g H , λ > 1. In Fig.2 (a) and (b), we plot g H and λ at selected δω values for a practical set of parameters: g/2π = 200 MHz, ∆/2π = 4 GHz, and t 0 /2π = 80 MHz. It can be seen that the crossover from quasi-free excitation to strongly-dressed small-polaron state can be realized in both the adiabatic and antiadiabatic regimes. For example, at ε 0 /2π = 400 MHz and δω/2π = 80 MHz, we obtain g H = 1.25 and λ = 1.56. Note that an optional control on the simulator is to tune the hopping matrix element t 0 by applying a global magnetic flux to the SQUID loops J n , which can adjust the adiabaticity of the system.
To demonstrate the polaron crossover in the simulator, we apply a variational method to find the small-polaron ground state using the Toyozawa Ansatz which provides a rather accurate estimate of the ground-state energy of the Holstein model in all relevant physical regimes.
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The ground state can be obtained by minimizing the energy expectation value with respect to the variational parameters in the Ansatz (see Appendix C for details). One important quantity for characterizing polaron excitation is the quasiparticle residue Z κ ≡ | Ψ k=κ |ψ κ | 2 which is defined as the overlap between the dressed polaron state |ψ κ at quasimomentum κ and the bareexcitation Bloch state |Ψ k ≡ c † k |0 at momentum k = κ with c k = c n e ikn / √ N . This quantity can characterize the crossover from the bare-excitation regime into the small-polaron regime. Another quantity characterizing the polaron crossover is the mean phonon numberN ph ≡ ψ κ=0 | i a † i a i |ψ κ=0 in the polaron ground state. For the Toyozawa Ansatz, both Z κ andN ph can be evaluated in terms of the optimal values of the variational parameters. In Fig.2 (c) and (d), these two quantities are shown using the parameter values given above for a system size of N = 32. The change of Z κ=0 from unity to values very close to zero as ε 0 increases is a clear manifestation of the smooth crossover from a quasi-free excitation to a small polaron state. The same crossover is also illustrated by the mean phonon number which varies from nearly zero toN ph 3 as ε 0 increases. Note that we also calculate the above quantities for small systems of, e.g., N = 4 (which is easier to realize in experiments), and find nearly identical results due to the local nature of the lattice distortion in the small-polaron regime.
IV. POLARON-STATE PREPARATION
To study polaron crossover, extra fermionic excitation needs to be prepared in the simulator. Without this extra excitation, the many-body state can be written as |G 0 = |0 e ⊗ |0 ph in the excitation-phonon basis. In the physical basis of the qubit-resonator system, this state has all the qubits in the spin down state and all the resonators in the vacuum state. In the SC circuit, this state can be prepared via thermalization in a low temperature environment. Here we show that given the initial state |G 0 , a small-polaron state with arbitrary quasimomentum can be generated through a qubit-flip scheme.
Consider applying a pumping pulse on the resonators in the form of
with time-dependent driving amplitude ε p (t) and wave vector q. After applying the transformation U given in Eq. (4) (with U a n U † ≈ a n − (g/∆)σ − n ), 13 we obtain an effective pumping Hamiltonian on the qubits
with β(t) = −(g/∆)ε p (t), which describes a spin-flip operation on the qubits with site-dependent factor e −iqn . After the Jordan-Wigner transformation, we apply this operator to the state |G 0 . With c n |G 0 = 0, we find that Ω(q, t)|G 0 = β(t)c † q |G 0 , generating a bare excitation of momentum q. Hence the transition matrix element can be written as ψ κ |Ω(q, t)|G 0 = β(t)Ω qκ with Ω qκ = ψ κ |c † q |G 0 . Using the lattice translational symmetry of the system, we derive that
yielding nonzero matrix element only for q = κ. Let ω p be equal to the energy difference between the state |G 0 and the polaron state |ψ κ . By choosing q = κ and β(t) = 2β p cos(ω p t), and under the rotating wave approximation, the pumping in Eq. (9) generates a Rabi oscillation between the initial state |G 0 and the target state |ψ κ . This oscillation is governed by the effective Hamiltonian
with a Rabi frequency β p |Ω κκ |. Starting from the state |G 0 , the system evolves to the target state |ψ κ in a duration τ = π /(2β p √ Z κ ). For the polaron state |ψ κ=0 , Z κ=0 decreases with the increase of ε 0 as is shown in Fig.2 (c) and it takes a longer time to generate a stronglydressed polaron state. For β p /2π = 20 MHz and Z κ = 0.7, the state preparation time is τ = 18 ns. This corresponds to a practical value of ε p /2π = 400 MHz with the parameters given previously.
In this process, the condition q = κ ensures momentum conservation and the choice of the pumping frequency ensures energy conservation. This scheme can be generalized and applied to quantum simulators for other manybody systems to generate elementary excitations by exploiting the symmetry in these systems.
V. ANOMALOUS FLUCTUATION AND SQUEEZING
In the Holstein model, the interplay between the strong e-ph coupling and the hopping of the fermionic excitation can induce anomalous fluctuation in the phonon modes. In our simulator, this fluctuation occurs when the driving amplitude ε 0 increases to reach the crossover regime. We denote the variance of an operator A by
2 . This quantity characterizes the fluctuation of the operator around its average value. For the position quadrature x n ≡ (a n + a † n )/ √ 2 and the momentum quadrature p n ≡ −i(a n − a † n )/ √ 2 of mode a n , their variances S x and S p are shown in Fig.3 (a) and (b). The variance S x is always larger than the quantum limit of 1/2 and increases monotonically as ε 0 increases, which clearly demonstrates the crossover to the smallpolaron regime. The variance S p varies in a very narrow region below 1/2 with the product S x S p > 1/4, reflecting the non-Gaussian nature of the fluctuation in the smallpolaron state. Due to the lattice translational symmetry, these variances do not depend on the site index n.
The above variances can be viewed as the averaged fluctuation of the resonator modes by tracing out the fermionic excitation. Below we study the variances of a single resonator mode when the fermionic excitation is pinned at this site. Consider the measurement-based position and momentum quadratures
The variances of these quadratures S (m) x and S (m) p describe the fluctuation of the resonator mode a n when the excitation (qubit-flip) is detected at this site. In Fig.3 (c) and (d), it can be seen that S (m) x > 1/2 and S (m) p < 1/2, a property they share with S x and S p . However, as ε 0 increases, S (m) x behaves very differently from S x and shows an optimal value in the crossover regime. More interestingly, the momentum quadrature S (m) p can reach a low value of 0.35, i.e., the post-selected momentum quadrature of a n can be squeezed by up to 1.25 dB when the polaron is detected at this site. For a finite array of N sites, the probability of measuring the polaron excitation at a single site is 1/N . Our numerical results show that this behavior can be observed in a small array of only, e.g., N = 4 sites, with a probability of 1/4, which can be readily realized with current technology. Hence, accessing the crossover regime in the simulator is not only a crucial requirement to study the polaron formation, but also presents us with a novel approach to generate squeezing in the microwave photon modes of the resonators.
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VI. DETECTION AND DECOHERENCE
A crucial step in the quantum simulation of a manybody system is the detection of the many-body state. In a quantum simulator for the Holstein model, we can characterize the polaron crossover by measuring the mean phonon numberN ph in the polaron ground state. Because of the lattice translational symmetry, this can be further simplified to the measurement of the mean phonon number of one of the resonators, e.g., a 1 . For this purpose, we add an ancilla qubit σ d which couples to the resonator a 1 only during the measurement. The coupling is in the form of Eq. (1) . When the qubit is far detuned from the resonator mode, the mean phonon number of a 1 can be obtained by measuring the Stark shift of the qubit. Note that in a different regime when the qubit is in resonance with the resonator mode, the mean phonon number can also be obtained by measuring the qubit. Besides the measurement of the ancilla qubit, in order to achieve the measurement-based squeezing in one of the resonator modes, measurement of the qubit at the same site is required.
The extra excitation in the simulator corresponds to a flipping of the qubit states and a displacement of the resonator modes which are subject to the decoherence of the qubits or the resonators. The coherence properties of SC qubits and resonators have improved significantly over the past few years. Decoherence time of transmon qubits coupling to on-chip resonators can now reach 10−40 µs.
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For coplanar waveguide resonators, the damping time of the microwave photons can reach the same order of magnitude with a quality factor of Q = 10 6 . 23 In our simulator, the effective phonon frequency, the e-ph coupling, and the hopping element are all of hundreds of mega-hertz, far exceeding these decoherence rates. The duration of the state-preparation pulse is several orders of magnitude shorter than the decoherence times. In addition, thermal excitations can be neglected in the low temperature environment as the energy of the excitation is of a few gigahertz. The pump pulses may induce leakage (unwanted transitions) to higher energy levels in the transmon qubit.
18 However, typical anharmonicity of a transmon qubit gives us an off resonance of around 500 MHz for the unwanted transitions. For a driving amplitude β p /2π = 25 MHz, the probability of leakage is well below one percent, which is a tolerable error rate for the simulator.
VII. CONCLUSIONS
To conclude, we propose a circuit QED-based quantum simulator for the Holstein-polaron model. By varying the driving on the resonators, all relevant physical regimes of the Holstein model can be accessed, and in particular, we can reach the strong coupling regime for smallpolaron formation. We also show that polaron state of arbitrary quasimomentum can be prepared by pumping the resonators. The polaron state in the crossover regime shows the striking feature of measurement-based squeezing in the resonator modes. Our work not only opens a promising route to study the electron-phonon physics with SC quantum simulators, but can also advance the control and detection methods for the many-body states in SC simulators by exploiting the unique controllability of such devices.
